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Abstract. We study groups of formal or germs of analytic diffeomorphisms in several com- 
plex variables. Such groups are related to the study of the transverse structure and dynamics 
of Holomorphic foliations, via the notion of holonomy group of a leaf of a foliation. For di- 
mension one, there is a well-established dictionary relating analytic/formal classification of 
the group, with its algebraic properties (finiteness, commutativity, solvability, ...). Such 

■ system of equivalences also characterizes the existence of suitable integrating factors, i.e., 
invariant vector fields and one-forms associated to the group. In this paper we search the 
basic lines of such dictionary for the case of several complex variables groups. For abelian, 

■ metabelian, solvable or nilpotent groups we investigate the existence of suitable formal vec- 
"j^ , tor fields and closed differential forms which exhibit an invariance property under the group 

action. Our results are applicable in the construction of suitable integrating factors for 
holomorphic foliations with singularities. We believe they are a starting point in the study 
of the connection between Liouvillian integration and transverse structures of holomorphic 

■ foliations with singularities in the case of arbitrary codimension. 
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1. Introduction and main results 

The study of groups and germs of complex diffeomorphisms fixing the origin is an important 
tool in Complex Dynamics and in the theory of Holomorphic Foliations, via the study of 
holonomy groups (cf. [3]) of its leaves. Indeed, the holonomy groups of (the leaves) of a 
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codimension n > 1 holomorphic foliation are (identified with) groups of germs of complex 
diffeomorphisms fixing the origin of C". In the codimension n = 1 case these are subgroups 
of germs of one variable holomorphic maps and there is a well-established dictionary relating 
topological and dynamical properties of (the leaves of) the foliation to algebraic properties 
of the group. This is clear in works as [4], [11], [I4j and |20j . 

All these facts are compiled in some works relating the existence of suitable "transverse 
structures" for the foliation with the transverse dynamics of the foliation ( [5] , [TTj , [18] ) . In 
[2] F. Brochero studies groups of germs of complex analytic diffeomorphisms having a fixed 
point at the origin. For such groups the author gives a nice study mainly focused on the 
analytical or topological description of the following cases: finite groups, linearizable groups, 
abelian groups containing a "generic" dicritic diffeomorphism. This important work also 
motivates some of the concepts and results in our work. 

1.1. Preliminaries, notation and definitions. Let us introduce the notation we use 
throughout this paper. We denote by On the ring of germs at the origin of holomorphic 
functions of n variables and by On its formal completioru. 

Denote by Diff(C",0) the group of germs of complex diffeomorphisms fixing the origin 
G C". We denote by z = {zi,...,Zn) a system of complex variables in C". The group 
of formal diffeomorphisms in n complex variables fixing the origin is the formal comple- 
tion 'DiS{C"',0) of Diff(C",0), obtained from the power series of the coordinate functions 
of elements in Diff(C",0). This way, given a formal diffeomorphism / G Diff(C",0) we 

^ * oo 

write / = /'(O) • z + J2 fji^) where /'(O) € GL(n, C) and each fj is a vector whose co- 

ordinates are homogeneous polynomials of degree j in the variables z = (zi, Zn)- To 
each formal diffeomorphism / € Diff(C'^,0) we associate its derivative /'(O) € GL(n,C). 
We say that the diffeomorphism / is tangent to the identity if /'(O) = Id. Denote by 
Diffi(i(C", 0) the subgroup of elements tangent to the identity in Diff(C'^,0). Also put 
DiffM(C",0) = DiffM(C",0) nDiff(C",0). This gives inclusions of Diff(C",0) ^ Diff(C",0) 
and Diffid(C",0) ^ DiffM(C",0). A subgroup G < Diffid(C'^, 0) is called tangent to the 
identity. The subgroup of formal diffeomorphisms, tangent to the identity with order k, is 
defined as Difffc(C'^,0) = {/ G Diff(C",0) | f{z) = z + fk+i{z) + fk+2{z) + • • • , A+i / 0}. 
Similarly the group of germs of holomorphic diffeomorphisms at the origin G C", tangent 
to the identity with order k is defined as Difffc(C'", 0) = Difffc(C", 0) n Diff (C", 0). 

The classical theory of groups states the following algebraic definitions. Let G be a group. 
Given elements a, /3 G G, the commutator of a and /? is defined as [a, /3] = af5a~^l3~^. 
Given subgroups H and L of G, we define group of commutators [iJ, L] as the subgroup of G 
generated by the elements of the form [a, /3] for a £ H and P £ L. We put 

q{0) ^ Q{n+i) ^ [cjW^gH] Vn > 
the derived series of G. We define 

C°G = G, C"+^G = [G,C"G] Vn > 

the descending central series of G. The group G is solvable if it has a finite derived series, 
i.e., if G^^^ = {Id} for some A; G N. The mininum of such k is called the soluble length 1{G) 
of G. The group G is nilpotent if it has a finite descending series, i.e., if C^G = {Id} for some 
A: G N. 



We refer to the book of D. Eisenbud ([7]) for a detailed construction of the formal completion of the ring 
On, as well as for some classical concepts related to the formal objects we deal with in this paper. 
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1.1.1. Formal vector fields and formal diffeomorphisms. Denote by Af(C",0) the O^-module 
of germs of complex vector fields vanishing at the origin € C" and by Pf(C",0) its formal 
counterpart. 

Definition 1.1. Given a subgroup G < Diff(C",0), a formal vector field X G i'(C",0) is 
G-invariant if we have g * X = X , \/g G G. We say that X is projectively invariant by G if 
for each g G G there is Cg € C such that g^X = Cg ■ X . 

The Lie algebra ^^(C"', 0) of formal vectors fields of of order A: + 1 is defined by those 
vector fields for the form X = ai{z)-^ + • • • + an{z)-^; aj G On, where the minimum order 

of vanishing of the aj at the origin is A; + 1. Thus, A'fc(C"',0) is the formal completion of 
<Yfc(C"', 0); the set of germs of complex analytic vector fields which are singular of order k + 1 
at 0. We denote by r^Ar(C",0) the subset of X{C^,0) of nilpotent vector fields, i.e. vector 
fields whose first jet has the unique eigenvalue 0. The formal completion of Af/v(C",0) is 
denoted by Xi\f{C, 0). 
The expression 




defines the exponential of tX for X € X{C^\ 0) and t G C Let us remark that X^{g) is the 
result of applying j times the derivation X to the power series g. The definition coincides 
with the classical one if X is a germ of convergent vector field. 

We denote by Diff„(C",0) the subgroup of unipotent elements of Diff(C",0), more pre- 
cisely if £ Diff„(C"',0) if j^if is a unipotent linear isomorphism (i.e. j^ip — Id is nilpotent). 
Analogously we denote Diff„(C"',0) the formal completion of Diffu(C",0). 

According to ([E]) the exponential map exp : Xk{C^,0) — )• Difffc(C",0) is a bijection. 
Also, it induces a bijection from ^Ar(C",0) onto Difftt(C", 0). 

Definition 1.2. Let / G Difffc(C",0). We denote by log / the unique element of i'fe(C,0) 
such that / = exp(log/). We say that log / is the infinitesimal generator of /. Given a map 
h G Difrid(C",0) and t G C we denote by = exp(t.X) where h = expX. 

In general the infinitesimal generator of a (convergent) germ of diffeomorphism is a diver- 
gent vector field (see [Ij). 

1.1.2. Solvable length of a Lie algebra. Let g be a complex Lie algebra. Given elements 
X, y G we denote by [X, Y] the Lie bracket oi X,Y € g. Given Lie subalgebras f) and [ of 
g. We define [t), [] the Lie subalgebra of g generated by the elements of the form [X, 5^] for 
X G fl and y G [. We define 

0(0)= 3, = [g{n)^g(n)j > g 

the derived series of 0. We define 

C^g = g, C"+i0 = [0,C"0] Vn>0 
the descending central series of 0. 

Definition 1.3 (solvable length of a Lie algebra, cf. [13]). Let be a Lie algebra. We define 
^(0) the soluble length of g as 



l{g) = mm{k G N U {0} : 0^'=) = {Id}} 

where min0 = 00. 
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We say that g is solvable if ^(g) < oo. The Lie algebra g is nilpotent if there exists j > 
such that C^Q = {Id}. If j is the minimum non- negative integer number with such a property 
we say that g is of nilpotent class j. 

1.1.3. Lie algebra of a group of diffeomorphisms (cf. [I3]j. In [S] E. Ghys associates a Lie 
algebra of formal nilpotent vector fields to any group of unipotent diffeomorphisms (prop. 4.3 
in [8j). In the same spirit we present a construction, from [13j, that associates a non-trivial Lie 
subalgebra of r^(C",0) to certain subgroups G of Diff (C", 0), satisfying some connectedness 

hypothesis. In [13] the authors replace G with a subgroup of Diff(C",0) containing G 
that is, roughly speaking, the algebraic closure of G (with respect to the Krull topology). 

Such a group satisfies 1{G^^^) = 1{G) (i.e, the groups and G have the same solvable 
length) and it has a non-trivial with analogous algebraic properties. This construction can 
be performed to every connected^ group of formal diffeomorphisms. 

Associate Lie algebra. We introduce the concept of associate Lie algebra of a subgroup of 
Diff(C",0) as presented in [13]. First recall that, according to [13j Definition 3.8, given a 
subgroup G of Diff(C",0), the Lie algebra of G is the complex Lie subalgebra log(G) of 
i'(C",0) given by 

log(G) = {1 e i'(C", 0) : exp(tl) e G, Vt e C}. 

With this definition the Lie algebra of a discrete group is trivial. However, under some 
connectedness hypothesis, it is possible to build a group D G with the same algebraic 
properties of G, having a non-trivial Lie algebra log(G^'^^) and such that, 1{G^'^^) = 1{G) 

and /(log(G^'^^)) = /(logG) . Roughly speaking G^^^ is the algebraic closure of G (with 
respect to the Krull topology). In particular this construction associates a non-trivial Lie 
algebra, with analogous algebraic properties, to every group G of formal diffeomorphisms 
with connected linear part DG . In few words, this is done as follows. Let m the maximal 
ideal of C[[xi, . . . , Xn]]- A formal diffeomorphism h E Diff (C", 0) acts on the space m/m'^"'"^ of 
fe-jets in a natural way {[g] -l-m'^"'^-'^ t-^ [g°h] -|-m'^'+-^), defining an element hk of GL{m/m^'^^). 
Let G be a connected subgroup of Diff(C"',0). Fixed k £ N we define the group Gk = {hk : 
h G G} C GL(m/m^"'"^) and the matrix group Gk defined as the smallest algebraic subgroup 
of GL{xn/m^~^^) containing Ck- We define 

= {he Diff (C", 0):hke Gk VA; € N}. 

Then G^^^ is a subgroup of Diff (C", 0) containing G that is closed in the Krull topology. Since 
a subgroup tangent to the identity is connected we can introduce the following definition: 

Definition 1.4 (Associate Lie algebra, cf. \13l). Let G a subgroup of Diffid(C", 0). The 
"associate" Lie algebra of G is defined as the Lie algebra of G^'^\ 

Remark 1.5. It is important to remark that, as observed in [13], the Lie algebra of a 
connected group G < Diff(C",0) shares the usual properties of Lie algebras of Lie groups. 
This is a consequence of the following proposition where we can consider g'^^ as the connected 
component of the identity of G^^\ 

Proposition 1.6 ([13j Proposition 3.1). Let G < Diff(C", 0) be a connected group with 
associate Lie algebra g as in Definition \1.4\ Then g is the Lie algebra of G^^^ . The group 

subgroup G < Difr(C",0) is connected if the closure in the Zariski topology of the subgroup of linear 
parts j^G < GL(n, C) of G is connected. 
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Gq is generated by exp(0). Moreover if G is unipotent then g is a Lie algebra of formal 
nilpotent vector fields and exp : g — > G is a bijection. 

We denote by the field effractions of the ring of formal power series On = C[[zi, . . . , Zn]]- 
We have a natural embedding C Kn, where by Kn we mean the field of rational functions 
in n complex variables, i.e., the fraction field of C[zi, Following the above notions it 
is then natural to define: 

Definition 1.7 ( |13] Definition 3.9, dimension of a Lie algebra). For a group tangent to the 
identity G < Diffid(C"', 0), by dimension of the associate Lie algebra we mean the dimension 
of the Lie algebra log(Go), viewed as vector space over Kn- 

From now on, by Lie algebra of a group of formal diffeomorphisms tangent to the identity, 
we shall mean its associate Lie algebra. 

1.2. The one-dimensional case. The construction of a dictionary relating algebraic, dy- 
namical and analytic properties of subgroups of diffeomorphisms is a very important tool 
in Complex Dynamics and Holomorphic foliations. The one-dimensional case has been ad- 
dressed by several authors. Below we find a compilation of their main achievements: 

Theorem 1.8 (^12j)' Let G < Diff(C,0) be a subgroup of one-variable formal complex dif- 
feomorphisms. 

(1) G is abelian if, and only if, G is nilpotent if, and only if, G admits a formal invariant 
vector field. 

(2) The following conditions are equivalent: 

(a) G is solvable. 

(b) G is metabelian, i.e., G^^^ is abelian. 

(c) All elements tangent to the identity in G have a same order of tangency. 

(d) G admits a formal vector field which is protectively invariant by G. 

Item (1) above is essentially a consequence of two other facts: 

(i) For a subgroup G < Diff(C,0) the derivative group DG = {^'(0) : g G G} is abelian 
and therefore the subgroup of commutators G^^^ < G, which is the set of products of 
commutators in G, is tangent to the identity, i.e., a subgroup of Gm- 

(ii) Two elements f = z -\- Ok+iz'''^'^ + • • • € Gid, and g = z -\- + • • • G Gh, 
Ofc+i.b^+i ^ 0, tangent to the identity, commute only if we have k = £. 

As we shall see, none of the above facts holds for subgroups of Diff (C", 0) when n > 2 (cf. 
Example 12. Sp . Therefore it is quite natural to expect that the above mentioned dictionary is 
much different or much harder to find, in the n > 2 case. To begin this study is one of the 
main goals of this work. We also aim on possible applications of our results to the framework 
of holomorphic foliations (see Section [3.11 and Proposition 13. 3p . 

For some of the reasons mentioned above we divide this work in two parts. The first 
is mainly, but not only, concerned with the study of subgroups tangent to the identity, 
i.e., groups with all elements tangent to the identity. The second is about not necessarily 
groups tangent to the identity, but we require the existence of suitable dicritic ("radial type") 
elements in the group. 

1.3. PART I - Lie algebras of groups and vector fields. As mentioned above, in the 
first part we focus on the study of the Lie algebra of subgroups G < Diff(C",0) under the 
hypothesis that G is abelian, metabelian or nilpotent. 
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1.3.1. Existence of an invariant formal vector field. In Section [2] we prove the following (com- 
pare with (1) in Theorem I l.Sp : 

Theorem 1.9. Let G < Diff(C",0) he an abelian subgroup of formal diffeomorphisms. We 
have two possibilities: 

(1) G admits an invariant formal vector field. 

(2) Gid = {Id}, i.e., the only element of G tangent to the identity is the identity. 

Remark 1.10. With respect to the one-dimensional case we observe: 

(i) Unlike the one-dimensional case, in general the existence of such an invariant vector 
field is not enough to assure that the group is abelian (see Example 12. 3p . 

(ii) For n = 1, condition (2) above implies that the group is conjugated to its linear part 
by a formal diffeomorphism. We believe that this also holds for dimension n >2. 

1.3.2. Abelian subgroups and nilpotent subalgebras. In [2j it is proved (Proposition 4.1) that 
every nilpotent subalgebra C o/ A'(C^, 0) is metabelian. As a consequence, if TZ is the center of 
C then TZ^ K2 is a vector space of dimension 1 or 2 over K2. According to [2] Corollary 4.4, 
if the dimension is one then there is a formal vector field X G Af(C^, 0) such that exp(X) G G 
and such that for each element g €z G there exists a rational (meromorphic) function Ng G K2 
with X{Ng) = and g = exp(A'gX). In case the dimension is 2 there are (commuting) maps 
f,gEG such that G < {/W o^W, s,t G C}. Using this we obtain the following rephrasing of 
Brochero's result: 

Theorem 1.11 (cf. [2]). Let G < Diffid(C^,0) be an abelian subgroup tangent to the identity. 
We have the following possibilities: 

(i) G leaves invariant an exact rational one-form, say u = dT for some rational function 
T€K2. 

(ii) G embeds into the flow of a formal vector field X G log(G). 

(iii) There are two invariant linearly independent commuting formal vector fields X,Y G 
log(G). 

Though this statement is essentially already contained in [2| , we give an alternative proof 
which will indeed allow an extension of this result for higher dimension n > 2 and we shall 
prove in Section [7) 

Theorem 1.12. Every nilpotent subalgebra [ o/<Y(C",0) has length 1(1) at most n. As a 
consequence, if G < Diff(C",0) is a nilpotent group then the solubility length of G satisfies 
1{G) < n. 

As a consequence we obtain, the following immediate corollary of (the proof of) Theo- 
rem [Tia 

Corollary 1.13. Let G < Diff 1(^^,0) be abelian subgroup tangent to the identity, with Lie 
algebra g. Then the possibilities are: 

(1) There are Xi,...,Xn G Q such that [Xj,Xr] = 0,Vi,j and G < (exp(tiXi) o ••• o 
exp(t„X„) I tj G C). 

(2) There are Xi, ...,Xi G 0, for some I G {1, . . . ,n — 1}, such that [Xj,Xr] = 0,Vi,j and 

G < (exp(uiXi) o • • • o exp{uiXi) \ Uj G Kn, Xr{uj) = 0, V 1 < r, j < Z ). 

1.3.3. Abelian groups and closed one-forms. Before stating our next main results we observe 
that in some main applications of the results in Theorem 11.81 (case n = 1), the winning 
strategy is to construct from the information on the holonomy groups of the foliation, some 
suitable differential forms which allow to "integrate" the foliation (as for instance a foliation 
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admitting a Liouvillian first integral) (see [5] for instance). More precisely, in dimension 
n = 1 a formal vector field X € (C, 0) can be written either as a linear vector field or, in 
case it has a zero of order > 2 at the origin, as 



X{z) 



1 + Az'^ dz 



for some A S C and A: G N. Let us focus on the non-linear case. The duality equation uj-X = 1 
has, in this dimension one case, a single solution 

dz dz 
oj = A h 



z 

This expression, is the expression of general closed meromorphic one- form with an isolated 
pole of order + 1 at the origin € C, residue A, in a suitable coordinate system. It is a 
particular case of the so called Integration Lemma (see for instance [17j Example 1.6 page 
174, or Proposition 15 . 1 1 in Section [5]). 

In dimension n = 1 , given a formal diffeomorphism g G Diff (C, 0) and X and Co satisfying 
the duality equation as above, we have: 

(1) g^^X = X g*uj = uj 

(2) g^X = CgX for some Cg G C* <^=^ g*6j = ^Cj 

Finally, notice that, in dimension-one each formal or meromorphic one-form is closed. This 
suggests, in view of Theorem 11.81 and all the above, that one may expect to obtain results 
relating algebraic properties of subgroups of Diff(C",0) with the existence of suitable closed 
one-forms. 

We shall see (cf. Theorem 11.151 below) that a subgroup G < Diff(C^,0) admitting two 
commuting formal invariant vector fields, exhibits two independent invariant closed formal 
meromorphic one-forms. A further investigation of this situation involves the following no- 
tion: 

Definition 1.14 (Formal separatrices). A formal curve of 2 complex variables is defined as 
follows: In the local ring O2 we introduce the equivalence relation f ^ g <^=^ <f = u.ip for 
some unit u ^ O2, i.e., for some power series u with first coefficient uq / 0. By a formal 
curve we mean an equivalence class of a function G O2 that satisfies (^(0) = 0, that is, 
a non-invertible formal power series. Such a formal curve is called invariant by a formal 
complex diffeomorphism / G Diff (C^, 0) if f*Lp = cp o f is equivalent to 99 in the above sense. 
Such a formal curve will be called a separatrix of a subgroup G < Diff (C^, 0) if it is invariant 
by each element of this group. The tangent space of a formal curve with representative (p 
is defined as the linear subspace of given by the kernel of Dip{0) : — >■ C. Two formal 
curves with representatives (p and -0 are called transverse if: 

(1) Each tangent space has dimension one. 

(2) The tangent spaces span C^. 



As a converse of (iii) in Theorem 1 1 . 1 1 1 we have: 

Theorem 1.15. Let G < Diff(C^,0) be a subgroup admitting two linearly independent in- 
variant commuting formal vector fields. Then G admits two closed, independent, formal 
meromorphic, invariant one-forms. The group G is abelian provided that one of the following 
conditions is satisfied: 

(1) G is tangent to the identity. 

(2) G exhibits two formal transverse separatrices. 
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The notions of formal closed meromorphic one- form and other formal objects are clearly 
stated in Section |4] (Definition 14. 3p . As a spolium of the proof of the second part of Theo- 
rem [TTT5] we obtain normal forms for abelian subgroups admitting two transverse separatrices 
and having Lie algebra of dimension two (cf . Remark 16. 2p . 

1.3.4. Metabelian groups. All the above is concerned with the abelian case. As for the 
metabelian non-abelian case we have: 

Theorem 1.16. Let G < Diff(C^,0) he a metabelian non-abelian subgroup. Assume that the 
group of commutators G^^^ = [G, G] is tangent to the identity, for instance if the derivative 
group DG < GL(2,C) is abelian. Denote by the Lie algebra of G^^^ = [G,G]. We 

have the following possibilities: 

(i) is one-dimensional. There is a formal vector field X with expX G G, such 
that, for each g G G there is a rational function € K2 that satisfies: X{T^) = 
and g*{X) = Tg-X. 

(ii) 1{G^^^) is two-dimensional. There are two C-linearly independent formal vector fields 
X,Y ^ g = log G, such that 

(11.1) [X,Y] = 

(11.2) For each g £ G there are (82,^2) G C-linearly independent that satisfy 
g*{X) = siX + tiY and g*{Y) = S2X + t2Y. 

Furthermore, in this last case there are two C-linearly independent closed formal meromorphic 
one-forms ujj, (j = 1,2) and aj,bj € C* such that 

g*{Cjj) = OjCoi + hjCj2, € G. 

Groups as in (ii.2) above are studied in Section [6] (cf. Remark l6.2|) . 

1.4. PART II - Groups containing dicritic diffeomorphisms. The second part of this 
work is dedicated to the study of subgroups of formal diffeomorphisms under the hypothesis 
of existence of a suitable dicritic (radial type) element. More precisely, according to [2], 
a diffeomorphism / E Difffc(C"',0) is called dicritic if f{z) = z -\- fk+i{z) + fk+2{z) + ■ ■ ■ , 
where fk+i{z) = f{z)z and / is a homogeneous polynomial of degree k. A formal vector field 

X G A'fc(C'^, 0), A: > 1 is called dicritic if X = f{z)R + (^^^^2 + " " " ) + • • • + (^1^2 + ---)^ 
where is a homogeneous polynomial of degree v and / is homogeneous of degree k and 
R = zi-^ + • • • + -Zngf- is the radial vector field. 

Definition 1.17 (Regular dicritic vector fields and diffeomorphisms). We also introduce we 
the following useful subclasses of dicritic diffeomorphisms and vector fields. A formal vector 

field X = f{z)R+{p^^]^^ H )^ H h (p^"^^2 )gf~ called regular dicritic if X is 

dicritic and there are ^0) Jo ^ {li • • • ) such that / and ~ ^^'^ coprime. This 

implies that is an isolated singularity of X. A formal diffeomorphism / € Difffc(C",0) is 
called regular dicritic if its infinitesimal generator is a regular dicritic vector field. 

We shall say that a subgroup G < Diff (C", 0) is quasi-abelian if its subgroup Gm of elements 
tangent to the identity is abelian. 

Our next results are analogous to those in Theorem 11.81 for groups containing a regular 
dicritic element. 

Theorem 1.18. For a subgroup G < Diff (C", 0) containing a regular dicritic diffeomorphism, 
the following conditions are equivalent: 



Indeed, this is equivalent to the fact that the singularity is isolated, after a number of blowing-ups at the 
vector field. 
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(1) G is quasi- abelian. 

(2) G admits a projectively invariant regular dicritic formal vector field. 

In particular we obtain: 

Corollary 1.19. A subgroup o/Diff(C",0) tangent to the identity and containing a regular 
dicritic diffeomorphism is abelian if and only if it admits an invariant formal vector field. 

The proof of Theorem 11.181 also shows that 

Proposition 1.20. Let G < Diff(C",0) be a subgroup containing a regular dicritic diffeo- 
morphism f £ G and containing its derivative subgroup, DG < G. The following conditions 
are equivalent: 

(1) G is abelian 

(2) DG is abelian and X = log / is invariant by G. 

Regarding the case of metabelian groups we have: 

Theorem 1.21. A subgroup of formal diffeomorphisms containing a regular dicritic diffeo- 
morphism and with abelian derivative group is metabelian provided that it admits a projectively 
invariant formal vector field. 

As a partial converse of Theorem 11.211 we have: 

Proposition 1.22. Let G < Diff (C^, 0) be a metabelian subgroup containing a regular dicritic 
diffeomorphism with order of tangency k. Suppose that DG is abelian and there is a linear 
diffeomorphism h £ G, given by h{z) = A • Id, where A G C is such that 7^ 1, A'^"'"^ 7^ 1. 
Then there is a formal vector field X £ Afj(C",0), j > 2, which is projectively invariant by 
G. 

As an application we study the case where a group with two generators, one of which is 
linear, is metabelian (cf. Corollary 19. 2p . 

Next we state an equivalence similar to the dimension one case, but for groups that contain 
some dicritic diffeomorphism. Theorem 11.231 below is related to Theorem 4.1 and Corollary 
4.2 in [2] and to our Example l6.3l of a solvable group of formal diffeomorphisms tangent to the 
identity which is not metabelian. This example shows the need of our assumption of existence 
of a dicritic element in the subgroup of commutators in any extension of Theorem ll.Sl to higher 
dimension. 

Theorem 1.23. For a subgroup G < Diffid(C",0) of formal diffeomorphisms tangent to the 
identity and containing a dicritic diffeomorphism tangent to the identity with order k, the 
following statements are equivalent: 

(1) The group is abelian. 

(2) The group is nilpotent. 

(3) Every nontrivial element in the group is tangent to the identity with order k. 

Our results apply to the study of foliations on complex projective spaces and other ambi- 
ent manifolds as well. The class of singularities which correspond, via the holonomy of its 
separatrices, to the class of regular dicritic diffeomorphisms is to be formally introduced and 
studied in a forthcoming work. Using an adaptation of a classical result due to Hironaka 
and Matsumara (|10j. [9]) we may be able to move from the "formal world" (considered is 
this paper) to the "analytic/convergent world", which is the natural ambient to the study of 
holomorphic foliations with singularities. 

A final word should be said about the possible applications of our results. We are interested 
in the study of Liouvillian integration for holomorphic foliations of codimension n > 1. 
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As suggested by the codimension one cases (see for instance tlSj), this passes through the 
comprehension of algebraic, geometric and formal structures of subgroups of Diff(C" , 0) in 
terms we propose in this work. 

Part I - Groups of diffeomorphisms tangent to the identity 

2. Lie algebras of groups and vector fields 

Now we proceed to prove Theorem 1 1.91 Some steps in the proof of the following well-known 
lemma will be used later on this paper: 

Lemma 2.1. // / G Diff(C",0) commutes with the time one flow map of a formal vector 
field X G A'fc(C'^, 0), k > 2 then f commutes with the flow of X for all time t G C. 

Proof Let be the (formal) flow of X, which is defined by <lj := exp(tX) G Diff(C",0). 
Then $i o / = / o We claim that $j o / = / o for all t G Z. First we prove this by 
induction, \/t G N. In fact, this is true for t = 1, Suppose that equality holds for n G N. Then 

^n+l o / = 6 o o / = I. o / o |.„ = / o d o 4>„ = / o 4>„+i 

thus it o / = / o 6^, Vt G N. On the other hand, if ° f = f ° then l>_t o / = / o 
Consequently 4>t o / = / o 6^, Vt G Z. Now to show that 6^ o / = / o 4)^, Vt G C, is 
sufficient to prove this equality in the spaces of jets, i.e. in J''^(C",0) = C[[2;]]/Tn''"'"^ (this 
has a natural identification with the space of polynomials of degree less than or equal to k), 
where m = {/ G C[[z]]//(0) = 0} is the maximal ideal of C[[z]]. Indeed, given /c G N we have 
that o ° f = (/i) • • • ; /n)) where the truncation of formal series 

is defined by j^{f ) = f mod m*^^^, we have that 

\N\<k 

e P\q{t) is a polynomial of degree less than or equal to |A^[. Similarly, we have 
jfc o / o = (7i, ...,/„) where 

Uz) = Y,p\,{t)z'' 

e P\q{t) is a polynomial of degree less than or equal to |A^j. now, as o / = / o Vt G Z, 
for each G with |A^| < k, we have that P\q{t) |z= P^it) |zi now as these are polynomial 
and coincide in Z, we have that 

P\,{t) = P\,{t),mGC. 

in consequence fi{z) = fi{z) VX G C", / G {!,... therefore o o f = o f o 
Vt G C e A: G N. So 

^tof = fo^t,ytec. 

□ 

Proof of Theorem \1.S\ . We may assume that Gh is nontrivial. Thus there is / G Gi which 
is of the form / = exp(X) for some formal vector field X G Pfj(C'^,0), j > 2. Since G 
is abelian, for any g £ G, g o f(z) = f o g{z), i.e, g o exp(X)(z) = exp(A) o g{z). Thus, 
from the previous lemma, we have g o exp{tX){z) = exp(tX) o g{z), Vt G C or equivalently 
g o exp(tA) o 5-1 = exp(iX), Vt G C. Therefore g*X = X, V5 G G. □ 
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Remark 2.2. Regarding case (2) in Theorem 11.91 we observe that, in DG is abehan and 
algebraic (see definition in [21] or Remark 13. ip and the identity is the only element tangent 
to the identity, the map g i— )• Dg{0) gives an (abstract) group isomorphism G = DG. Now, 
according to Remark 13.11 either DG is finite (and therefore analytically conjugated to a finite 
group of diagonal periodic linear maps) or the Zariski closure DG contains a linear flow. In 
this last case, as remarked above, there is a (linear) vector field X which is invariant under 
the action of DG. 

Example 2.3. Now we give some examples showing that the conditions in our main results, 
cannot be dropped. 

(1) The converse of Theorem 11.91 is not always true for dimension (n > 2). In fact if 
f{x,y) = {2x,Ay) and g{x,y) = {x,x + y) then G = {f,g) is not abelian, however, 
G is invariant by X, where exp(X) = {x,y + x^). As for the tangent to the identity 
case, let f{x,y) = ex.p{x'^y-^) and g{x,y) = exp(x^y^^), then G =< f,g > is not 
abelian, however, G is invariant hy X = —xy-^ ~^ u'^Sy' 

(2) In dimension A; = 1, we have that a group G < Diffi(C, 0) of diffeomorphisms tangent 
to the identity is abelian if and only if there is a formal vector field X € Xi^{C,0) 
(k > 1), such that G < {exp{tX) \ t £ C). For (n > 2) if there is a formal vector field 
X G (n > 2), such that G < {exp{tX) \ t e C) then G is abelian, however 
again the converse is not always true. This is due to the fact that for n = 1, if the Lie 
bracket of two vector field X G XkiC,0) and Y G Xr{C,0) is zero i[X,Y] = 0) then 
r = k and there is c G C* such that X = cY. However this last fact is not always 
true in dimension n > 2 as can be seen in the following examples: 

(a) Let a G C* be constant and take X{x,y) = xy-^ — , Y(x,y) = ax'^y'^-^ — 

axy^a^. 

(b) X{x, y) = (x2 + ^xy)-§^ + (3xy + y^)^, Y{x, y) = (Sx^ - bx'^y + xy^ + y^)^ + 
(x3 + x2y-2xy2 + 3y3)^. 

(c) For A: > 1, we have: X = (x^+i)^ + (x^y)^ , Y = {yKx)-§^ + (y'^+i)^ 

(d) X(x, y) = x2|: + xy|, y(x, y) = xy|: + y^^. 

3. HOLONOMY GROUPS AND ALGEBRAIC ABELIAN GROUPS 

In the treatment of abelian groups we must pay some attention to the linear case. Given a 
subgroup G < Diff(C",0), the derivative map D: Diff(C",0) ^ GL(C,n), / ^ Df := /'(O), 
induces by restriction to any subgroup G < Diff(C"',0) a homomorphism D: G ^ GL(C,?t.). 
The kernel of this homomorphism is the subgroup Gjd and the image is the derivative subgroup 
DG < GL(C,n). If Gjd is trivial then we have an injective group homomorphism G 
GL(C,n). 

Remark 3.1 (Linear algebraic groups). A complex linear algebraic group is a subgroup of 
the group of invertible n x n complex matrices (under matrix multiplication) that is defined 
by complex polynomial equations. Let therefore G < GL(n, C) be an infinite linear algebraic 
group. Then its Lie Algebra C{G) is not trivial and we may choose a (linear) vector field 
X G 1{G). The Zariski closure {Xjtgc of the fiow {Xt}tec < GL{n, C) of X in is a closed 
abelian subgroup of the closure G. Since {Xt}ti^c is abelian, there is a closed one-parameter 
subgroup H, it contains a one-dimensional linear algebraic subgroup of G. 

Let now G < Diff(C^, 0) be an abelian subgroup. The Lie algebra of Gh = GnDiffid(C^, 0) 
has dimension < 2. If the dimension is zero then Gh = {Id} and the map G GL(2,C) 
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embeds G into an abelian linear group. If moreover the group G is algebraic, then the 
derivative group DG < GL(n,C) is also algebraic and, in the case Gid = {Id}, we have from 
Remark 13. II that, either G is finite or its image in GL(2, C) contains a linear flow in its closure. 
From Remark 13. II and Theorem II. 181 we have: 

Corollary 3.2. Let G < Diff(C^,0) be an algebraic commutative subgrow^. The possibilities 
are: 

(i) The Lie algebra of Gjd has dimension zero and the possible cases are: 

(1) G is finite and therefore analytically linearizable. 

(2) G embeds into a linear flow. 

(ii) The Lie algebra of Gid has dimension one: Gm leaves invariant an exact rational 
one-form, say Co = dT for some rational function T G K2- 

(iii) The Lie algebra ofGi^ has dimension two: Gjd admits two closed, independent, formal 
meromorphic, invariant one-forms. 

Next remark we show how algebraic groups may appear in our framework. 

3.1. Holonomy groups of holomorphic foliations. A dimension one holomorphic folia- 
tion with singularities J-" of a complex manifold M is defined by a pair (J^', S) where S <Z M 
is a codimension n analytic subset of M and J-' is a dimension one holomorphic foliation 
of the open manifold M' = M \ S, m. the usual sense. We may choose the subset S C M 
as minimal in the sense that J-' admits no extension as a (nonsingular) foliation to an open 
subset intersecting S and in this case we say that S = sing(J^) is the singular set of J^. This 
is a discrete subset of M. A leaf of J- is by definition a leaf of J-'' in M'. Given a leaf L C M 
of J-, any point p € L and a small (holomorphic) transverse section E C M, with p G T, L, 
E transverse to L and J-, we may introduce the holonomy group IIol(J^, L, T,,p) of this leaf of 
J- as the usual holonomy group of the leaf L € J-"' of the foliation J-' calculated with respect 
to the transverse section S C M' at the point p E M' (see [3] for instance). 

In case M is a projective manifold (for instance, the n + 1 dimensional complex projective 
space M = CP""*"^), the foliation T is necessarily algebraic in the sense that it is given by 
algebraic equations (polynomial vector fields) in any affine subspace of M. In this case by 
an algebraic solution of J- we mean an algebraic curve A C M such that M \ (A n sing(J^)) 
is a union of leaves of J^. 

Proposition 3.3. Let T be a dimension one holomorphic foliation with singularities of the 
complex projective space CP'""^"^ . Let A C CP"^"*^ be an algebraic solution of J-. Then the 
holonomy groups of the leaves L C A are contained in algebraic groups. 

Proof. Indeed, given a point p G A\sing(J^) we may choose a liner hyperplane E(?i) C CP""*"^ 
such that A and E(n) meet transversely at p. The choice of an affine system of coordinates 
Cp"*"^ centered at p gives a polynomial vector field Xp with isolated singularities that defines 
the foliation in the ordinary sense: the leaves of -F|j^n+i are the non-singular integral 

curves of Xp in Cp^^. Then we choose n polynomial one-forms cji, ...,LiJn in the affine space 
Cp"'""'^ with the property that ujj ■ X = \ and such that the exterior product wi A ■ ■ ■ A a;„ ^ 0. 
Denote by a;^ the restriction of ujj to E(n) n Cp"*"^ ~ C^. Then each uj* is rational. If we 
denote by S the germ at p of disc induced by E(n), then for each holonomy diffeomorphism 
g € Ho^J-", A, S,p) we have g*{u}j) A ui A • • • u)n = because the holonomy maps preserve 
the leaves of the foliation. Therefore, the holonomy group of the leaves contained in A are 
contained in algebraic groups. □ 



'The group G is not necessarily tangent to the identity. 
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4. AbELIAN GROUPS TANGENT TO THE IDENTITY 

Now we study the characterization and classification of abehan tangent to the identity 
groups, which is the subject of Theorem II. Ill 

According to [2] (Proposition 4.1) every nilpotent subalgebra C o/ A'(C^,0) is metahelian. 
Also following [2], this proposition implies the following characterization of abelian subgroups 
of DifrM(C2,0). 

Proposition 4.1 (cf. [2j Corollary 4.4). If G < Diffid(C^,0) is a abelian tangent to the 
identity (convergent) group, then one of the following items is true: 

(1) There is a formal vector field X with exp{X) € G such that for each g £ G we have 
g = exp(TgX) where Tg € K2 is a rational function such that X{Tg) = 0; 

(2) G < (/W o 5W|t,s E C>, where f,geG and [f,g] = Id. 

Notice that Proposition 14.11 above is for convergent (analytic) objects. In this paper we 
obtain an extension of this result, Theorem 11.121 below. This is based also in the following 
formal version of Proposition 14.11 which is easily obtained by a mimic of its proof: 

Proposition 4.2. Let G < Diffi(j(C^, 0) be an abelian subgroup tangent to the identity, we 
have the two following possibilities: 

(1) There is a formal vector field X , invariant by G, such that for each element f € G 
there is a rational function T G K2 depending on f, such that X{N) = and f = 
exp{NX). 

(2) There are formal commuting vector fields X and Y such that exp(X), exp(y) € G 
and G < (exp(tX) o exp(sy) \t,s eC). 

Definition 4.3 (Formal meromorphic one-forms). By a formal meromorphic function of n 
complex variables we shall mean a formal quotient R = ^ of two formal power series with 

positive exponents P,Q On = In other words, the field of formal meromorphic 

functions of n variables will be the fraction field of the domain of integrity By a 

n ^ 

meromorphic formal one-form we mean a formal expression w = ^^j where each Rj is 

i=i 

a formal meromorphic function as defined above. The exterior derivative, wedge product and 
other concepts are defined for meromorphic formal one-forms in the same way as for analytic 
one- forms. 

Proof of Theorem \l.ll\ Assume that the Lie algebra /(Cm) has dimension one. By Propo- 
sition 14.21 there is a formal vector field X, invariant by G, such that for each f G there 
is a rational function T = T^ ^ K2 with X{T) = and / = exp(TA'). Suppose that for 

some f G the function T = Tj is not constant. We consider the one-form cu := dT. 
This is a non-trivial closed rational one- form and we claim that this is G- invariant. In 
fact, take g (z G and write G = exp(5'X) for some rational function S € K2 such that 
X{S) = 0. Then {SX){T) = dT{SX) = SdT{X) = 0. Therefore T o exp(5X) = T. This 
gives g*{u}) = g*{dT) = d{T o g) = d{T o exp(5'X)) = dT = uj, proving the claim. This 
corresponds to (i) in Theorem II. Ill 

Now we consider the where Tj is constant for each f £ G. In this case each element f £ G 
writes as / = exp(c^X) for some constant Cy G C. In other words, G embeds into the fiow of 
X as in (ii) in the statement. 
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Suppose now that G is as in (2) in Proposition 14.21 Then there are two C-hnearly inde- 
pendent, formal, commuting vector fields Xj, invariant by G, such that exp(Xj) G G and 
G < (exp(tXi) o exp{sX2) \t,s gC). □ 



As already mentioned in the Introduction, (iii) in Theorem 11.111 admits a converse, proved 
as follows: 



Proof of Theorem \1.15\ - First Part. By hypothesis G < Diff(C",0) admits two linearly in- 
dependent invariant formal vector fields Xi,X2- We fix coordinates {x,y) and write Xj = 
^ . Since Xi is G- invariant, we have 



A 



dx 



dgi 
dy 



dg2 dg2 
dx dy 



Bi{z) B2{z) 



Ma) Ma)' 

Bi{g) B2{g) 



Taking transposes, we obtain: 



'Ai{z) Bi{z) 
A2{z) B2{z) 



dgi 


dg2 


dx 


dx 


dgi 


dg2 


dy 


dy 



A2{g) B2{g) 



thus 



dgi 


dg2 


dx 


dx 


dgi 


dg2 


dy 


dy 



Aiig) Biig) 
A2{g) B2{g) 



'Ai{z) Bi{z) 
A2{z) B2{z) 



(2) 



Based on this last equation we take: 



'Ci{z) C2{Z) 
Di{z) D2{z) 



Ai{z) Bi{z) 
A2{z) B2{z) 



Q{z) 



B2{z) -Bi{z) 
-A2{z) A,{z) 



(3) 



Where Q{z) = A1B2—A2B1. Now we define (bj := Cjdx+Djdy. By the above equations ([2]) 
and ([3]), the one- forms uoj are invariant for G, i.e, for each g G, we have g*{Cjj) = u}j 
(j = 1,2). These forms are C-linearly independent (cf. ([3])). Let us now show that the loj 

dy 



are closed forms. We have to show that — = 0. Since [Xi,X2] = then 



dx 
dB2 
dx 



dy 
dy 



dx 
dBi 
dx 



dy 

A2 + ^B2 
dy 
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Thus 



dx 

dx 



dy' ^ ^ Q dx 

dA2 dQ dB, 

" ^ -°2-^ 

OX ay ay 



Q"^ dx 



1 dB2 B2dQ_. 
Q dy ^ Q"^ dy' 



dx 



dx 



A^Br 



dAo 



dx 



A. 



dy 



dy 



B2B 

dA-i 



A. 



dx 
,dB2 



dx 

B2.O + A2.O 



dy 



dy 
■ 0. 



dx 
dBi 
dx 



dM 
dy 

Ai- 



Ao 



B2A2- 



,dBi 

'~d^ 
dBi 

dy 



dA2 , dA2 
AiB2^+A2Bi^+ 
dx 

AiB2^ + A2Bi 



dx 
dB2 



dy 



dy 



dM 
dy 

dBi 
dy 



Bi)+ 
B2) 



Therefore Coi is closed. Similarly 0)2 is a closed one-form. This proves the first part of 

Ajdx + Bjdy then, 



Theorem 1 1.15[ Assume now that G is tangent to the identity. Write ojj 

'^3 = 9*{i^j) = Aj{g)dgi + Bj{g)dg2 



iM9) 



dx 



'- + B,{g)^)dx + {AM^ + B,ig)^ 



dx 



Thus 



consequently 



■^1(5) 
A2{9) 



Bi{g) 
B2{g) 





dgi 


892 






dx 


dx 






dgi 


892 






_ dy 


dy _ 





dgi 
dx 



892 
dx 



dgi 
dy 



dg2 
dy 



Ai{z) 
A2{z) 

Let us introduce Xi,X2 as follows: 



Bi{z) 
B2{z) 



1 .0 d 

Q{zy ^dx 



Xo 



dy 

'Ai{z) 
A2{z) 

'Ai{g) 
A2{9) 

J-(- 

Q{zy 



dy 



)dy 



Bi{z) 
B2{z)^ 

Bi{g) 
B2{9), 

^ dx ~^ ^ dy^ 



where Q{z) = Ai{z)B2{z) — A2{z)Bi{z). Since the ujj are closed one-forms we have g*{Xj) = 
Xj, for all ^ G G and also [Xi,X2] = 0. Also Xi,X2 are C-linearly independent in K2- 
Note that {Xi,X2} is a basis for the vector space A'(C^,0) K2 and, since for ^ G G we 
can write g = exp(y'^) with G A:'(C^,0), then 1^ = uiXi + U2X2, where Uj G K2. On 
the other side g*{Xj) = Xj we have that \Yg,Xi] = and [y'g,X2] = 0, then Xj{uk) = 
{j,k = 1,2), consequently Uj are constant in C* . Now if G < (exp(tyg)) [ t G C) there is 
nothing left to prove, thus suppose that there is h & G, h = exp(y'^) with 1^ and Y"^ C-linearly 
independent in K2 then there are Vj G C such that Y"^ = viXi + ^2^2 and {ui,U2),{vi,V2) 
are C-linearly independent in C^, therefore Xj G X{C'^,0) and G = exp(aXi) o exp(6X2), 
with a,b G G* , therefore there are formal vector fields X and Y such that [^ji"^] = and 
G < {exp{tX) o exp(sy) | t,s G C). Therefore G is abelian. This proves the first part of 
Theorem [LlSl □ 



The second part will be concluded in the next section (cf. Proposition 15. 8|) . 
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5. Groups preserving closed one-forms 

In this section we finish the proof of Theorem 11.151 Indeed, we proceed studying the 
classification of groups of formal diffeomorphisms preserving closed meromorphic one-forms 
in (C^,0). Special attention is given to the "generic" case where the group exhibits two 
transverse formal separatrices. Before going further into the main subject we recall some 
classical facts about integration of closed meromorphic one-forms in several complex variables. 

Proposition 5.1 (Integration Lemma, cf. [17] Example 1.6). Letuj he a closed meromor- 
phic one- form on M where M is a poly disc in C". Then there are irreducible holomorphic 
functions /i,..,/r G 0{M), ni,...,nj. S N, complex numbers Ai,...,Ar. and a holomorphic 
function g G 0{M) such that 



^ ' fi /r ■•■/r 



The polar set of uj is given in irreducible components by |J {fj = 0}, nj is the order of 

i=i 

{fj = 0} as a component of the polar set of ui, Xj is the residue of uj at the component 
{fj = 0} and the function g has no common factors with fj in 0{M). 

If M = C" and u; is a rational closed one- form then we have the same result, where the 
fj are irreducible polynomials and 5 is a polynomial without common factors with the fj. 
The proof of Theorem 15.11 relies on integration and the fact that the first homology group 

r 

of the complement of a pure codimension one analytic subset A = U ^ji where each Aj is 

i=i 

an irreducible component, of a polydisc M as above, is generated by small loops around the 
components A^, contained in transverse discs circulating the component. Then a standard 
argument involving Laurent series implies the result. This cannot be repeated in the formal 
case, because we cannot rely on integration processes, at first glance. Nevertheless, we still 
have a formal version of Theorem 15.11 as follows: 

Proposition 5.2 (Formal integration lemma). Let u be a closed formal meromorphic one- 
form in n complex variables. Denote by fj G Ofc, j = 1, r the formal equations of the set of 
poles of Cj, in independent terms. Then, there are Xj £ C and Uj € N and a formal function 
g G Ok such that 

^ = yx,Hi + d{ . ^ . ) 

/ -I J f ^ fill rUr ' 

j = \ Jj Jl "Jj 

The proof is somehow similar to the proof of the local analytic version and it is based on 
the following: 

Lemma 5.3. A closed formal meromorphic one-form Cj in n complex variables, without 
residues is exact: uj = df for some meromorphic formal function f G Kn- 

This lemma is proved analogously to the following particular case: 

Lemma 5.4. Let uj be a closed formal meromorphic one-form in two complex variables and 
assume that the polar set of u consists of two transverse formal curves, and that the residues 
of UJ are all zero. Then Co is exact, indeed, in suitable formal coordinates (x,y) we can write 

UJ = d[ 



for some n, m G N and some formal function / G 
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Proof. Since the polar set of (2j consists of two transverse formal curves, we can find formal 
coordinates (x, y) such that this polar set corresponds to the coordinates axes. We write 

oo 

0} = + (Q/x^+iy^+ijdy where P, Q e C[[x,y]]. We can write P = 

oo 

and Q = Yl Ql> terms of homogeneous polynomials P^, Qu of degree v — n — m. Then 

oo oo 

u=Y {Pv/x'^+^y'^+^)dx + {Qu/x''+^y'^+^)dy = ^ where = {P^ / x''+^y'^+^)dx + 

v=0 u=—n—m 

{Q^/x"'~^^y"^'^^)dy is a homogeneous rational one- form of degree — n — m — 2. Then du = 

oo 

Y dojy where each one- form dw^ is homogeneous of degree v — \. Therefore, since 

v=—n—m—2 

oo 

(b is closed we have = da) = ^ du^, and then du^, = 0, Vi^ > —n — m. Since Cj 

v=—n—m 

has no residues, the same holds for ojy. Moreover, because each form ojy is of the form 
= Py / x'^^^y'^^^)dx + {Qi^/x'^~^^y"^~^^)dy, we conclude from the Integration lemma that 

oo 

i^u = d{ ^l" ) for some homogeneous polynomial of degree v. Thus Co = d{Y fu/x'^y^) = 

^ oo 

where / = E ^ O2. 

z/=0 

□ 

As a consequence we obtain the following particular case of Proposition 15.21 

Proposition 5.5. Let lj he a closed formal meromorphic one-form in two complex variables 
and assume that the polar set of lu consists of two transverse formal curves. Then lj writes 
in suitable formal coordinates (x, y) as 

dx dy f ^ 

uj = A h II h a( 



X y x^y^' 



for some A, ^ G C, some n, m G N and some formal function f ^ O2. 

Proof. As in the proof of Lemma [5.41 we choose formal coordinates (x, y) such that the polar 
set of Gj corresponds to the coordinate axes. Denote by A G C and G C the residue of Gj at 

the X-axis and y-axis respectively. Then ^ = a; — A^ + u^ is a closed formal meromorphic 

y 

one- form with polar set contained in the coordinate axes and zero residues. By Lemma 15.41 
we can write 6 = d{—J^) for some formal function / G D 

An improvement of the above proposition is the following: 

Lemma 5.6. Let djj, j = 1,2 be C-linearly independent closed formal meromorphic one- 
forms in two variables with polar sets along two transverse formal curves. Then there are 
formal coordinates (x, y) such that each Coj writes: 

dx , dy Cj , 

^3 = — + bj — + d{ 4 

X y x^:>y^:> 

for some constant aj, bj, Cj G C and some Uj^rrij G N. 

Proof. By Proposition 15.51 we can write Uj = + bj^ + d{^rrj^jmj), where aj,bj G 

C; nj,mj G N and fj G Ok. Let us write ni = n, mi = m and n2 = p,m2 = q. We take a 
model of formal change of coordinates 4' = (xu,yv), where we want that 0*(ai— + 61— + 
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di^)) = and 4>*{a2^ + b2^ + di^)) = U2 implies ai^ + h^ = d{-^.{h-^)) 
and asf + b^^ = d{-^.{h - ^)) then, 

(ai Inu + 61 ln^;)x"y™ - A + + hx^y"^ = 

and 

(02 In u + 62 In v)xPy'' - h + + hx^y'^ = 
Now define a formal meromorphic function R by 

^(x, y, u, v) = {Ri{x, y, u, v), i?2(x, y, u, v)) 

where 

Ri {x, y, u, v) = (ai In u + 61 In v)x''y'^ - A + + 

and 

R2{x,y,u,v) = (a2lnn + 62lnf)x^y'' - /2 + — — + k2X^y'^. 

We have i?(0, 0,-u, = (0,0), so that if ci = A(0) and C2 = /2(0) we have ^n(o)^m(o) = 1 
and uP(o)vi(o) ~ ^ ^"^^ ^ Det( J2-R(0, (u, w)) = {nq — rnp)u''^^^^v'^^^^^ / 0, if {m,n) and 
(p, are C-linearly independent, from the formal version of the Implicit function theorem 
we obtain a unique solution (u, v). □ 

Remark 5.7. Let G < Difrid(C^O) be a sub group. Given a closed meromorphic 1-form 00 
such that a) is invariant by G, if uj is conjugated to a 1-form a by a diffeomorphism /i, then 
the 1-form a is invariant by the group o g o h. As the groups G and h^^ o g o h have 
similar algebraic proprieties, there is no loss of generality in assuming that the forms are as 
in the normal form of Lemma [ 



The second part of the proof of Theorem 11.151 follows from the following proposition: 

Proposition 5.8. Let G < Diff(C^,0) be a subgroup with two transverse separatrices, if 
there are C-linearly independent closed formal meromorphic formal one-forms luj, (j = 1,2) 
which are invariant by G then G is abelian. Indeed, G is formally conjugate to a group of 
diffeomorphisms generated by any of the following types: 

K^) 9\x,y) = {x- — ^ 



(b) g{x,y) = {ax 



=1 

_ n 
a my 

(l+kx"y"^)m 



(c) 5(x,2/) = (— p^,6y) 

Proof. A diffeomorphism g ^ G writes g{x, y) = {xu, yv) where u,v G O2 satisfy n(0) ^ 
0,v{0) ^ 0. From equation (jH) and g*{Cjj) = uj we obtain: 

Cl 1 C2 1 

ailnn + 6ilnf = .(1 ) + ki and 02 Inu + 62 Inf = .(1 ) + ^2 

^nyin ^ -u^V™ xPyl ^ vPv'i 

If ai = a2 = 61 = 62 = then u^u™ = ^ „ ^ and u^v'^ = —t^—, as (m, n) and (p, q) 
must be C-linearly independent we have 

(1 + JxV)^ (l + f^x"y™)iy 

with D = nq — pm. The group G therefore has just linear diffeomorphisms as above and is 
an abelian group. 
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Assume now that the left side of equahty is holomorphic we have, —^r^ = 1 and -f;^ = 1 
when (m, n) and (p, q) are C-hnearly independent, we have that u and v are constant, so that 
G is hnear therefore G is abehan. 

A similar argumentation with the other possible cases gives the forms: 

a , , b n X 

g{x,y) = {ax, -^),g{x,y) = {- -T>oy) 

(1 + A:x"y'")™ {l + kx'^y'^)' 

and 

ai^^y) = {- — -T,- — -r)- 

(1 + A;ix")n (1 + A;2y"^)™ 
In particular, on each case, G is abelian. □ 

Remark 5.9 (Holomorphic case). If G is invariant by two C-linearly independent closed 
formal one- forms (without poles) then G = {Id}. 

Proof. Let g G G and write Uj = dfj, (j = 1,2) left invariant by G. Take = (/i,/2), 
as dfi and df2 are C-linearly independent in this neighborhood of the origin, we have that 
$ is a formal diffeomorphism. Therefore we may assume that uji = dx and Cj2 = dy, i.e., 
{^ogo^~^)*[dx) = dx and (4>o^o4)"^)*(dy) = dy, because o g o ^^^)* (dx) = (4>^^)*o^*o 
^*{dx) = {^-^)*og*{dfi) = (4>-i)*(d/i) = {^-^)*o^*{dx) = dx, therefore ^ogo^'^ = {Id} 
and consequently G = {Id}. □ 

6. MeTABELIAN GROUPS 

Now we study metabelian groups in Diff(C2,0), that is, sub groups G < Diff(C^,0) such 
that the subgroup of commutators G^^^ = [G, G] is abelian. Let G be such a metabelian 
subgroup. Then, the derivative group DG < GL(C, 2) is also metabelian but not necessarily 
abelian. For instance, take G as the linear subgroup of 2 x 2 triangular superior matrices. 
Then G is not abelian but G*-^-* is abelian. 

Now if the group DG is abelian then G^^^ is tangent to the identity, which is a very useful 
property. For this reason, in our statements related to this case (Theorem II.IGD . we may 
alternatively require that DG is abelian. 

Lemma 6.1. Let G < Diff(C^,0) be a subgroup with DG abelian. Suppose that, there are 
two C-linearly independent vector fields X and Y , protectively invariant by G and such that 
[X,Y] = 0. Then G is metabelian. 

Proof. Since X and Y are projectively invariant by G, for each g & G there are constants 
ag, bg & C such that g^X = Og ■ X and g^^Y = bg ■ Y. Given now a tangent to the identity 
element h E Gjd we have o/j = 1 and b^ = 1, so that = X and = Y. This 

implies that Gm is abelian. Since DG is abelian, we have that [G, G] < Gm, so that [G, G] is 
abelian. □ 

Proof of Theorem \1.16i Let G < Diff(C^,0) be a metabelian non-abelian subgroup such that 
the group of commutators [G, G] is tangent to the identity, [G, G] < Gid- If Gh is trivial 
then the group is abelian. Therefore, we may assume that the Lie algebra of Gm has positive 
dimension. By Proposition 14.21 we have two cases: 

Case 1. [G,G] < (exp(A^X) | iV is a rational funtion, l(Af) = 0) and f = exp(X) G [G,G]. 
Then for all g & G, [g, f] G [G, G] so that, there is a rational function N such that [g, f] = 
exp(iVX) then goexp{X)og-^ = exp(iVX)oexp(X) = exp((iV + l)X) therefore g*{X) = NX 

Case 2. [G,G] < {exp{sX) o exp{tY) \ s,t e C), take / = exp(X). Then for ah g £ G, 
[g,f] G [G, G] so that, there are si and ti such that [g,f] = exp(siX) o exp(tiy) then 
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goexp{X)og-^ = e^p{siX + tiY)oexp{X) = e^p{siX + tiY). Therefore g*{X) = siX + hY. 
Analogously we have g*{Y) = S2X + t2Y. 
This proves (ii) in Theorem 11.161 

Let us now finish the proof, by constructing in case (ii) the formal closed meromorphic 
one- forms Coj, j = 1,2. We can write Xj 



dgi dgi ' 

dx dy 

dg2 dg2 

dx dy 



'Ai{z) A2{z)- 



taking transposes, we have: 
'Ai{z) Bi{z) 
A2{z) B2{z) 



) 


B2{z) 


dgi 


dg2 


dx 


dx 


dgi 


dg2 


dy 


dy 



siAiig) + tiA2{g) 52^1(5) + t2A2{g)' 

siBiig) + hB2{g) S2Bi{g) + ^2^2 (5). 

siAiig) + tiA2{g) siBi{g) + tiB2{g) 

S2Ai{g) + t2A2{g) 52^1(5) + ^2^2(5) 



thus 



dgi 


dg2 


dx 


dx 


dgi 


dg2 


dy 


dy 



'siAi{g) + ^1^2(5) siBi{g) + tMg) 
82^1(5) + ^2^2 (5) S2Bi{g) + t2B2{g) 



'Ai{z) Bi{z) 
A2{z) B2{z) 



so that we can take: 

'Ci{z) C2{z) 
Di{z) D2{z) 



siAi(z) + tiA2{z) siBi{z) + tiB2{z) 

S2Ai{z) + t2A2{z) S2Bi{z) + t2B2{z) 



-1 



and define Uj = Cjdx + Djdy. Then g*{uji) = g* 



rQ(z) 



.{s2Bi+t2B2,-{siBi+tiB2)) 



Q^(i?2, -A2) = si^i + S2U)2, where Q{x) = Ci{z).D2{z) - C2{z).Di{z) and r = 51*2 - 52*1- 
Analogously g*{co2) = tiui + 12'^2 5 clearly wi and L02 are C-linearly independent. It remains 



to show that the cD, are closed forms, i,e. 



dx 



dy 



0. Since [Xi,X2] = then 



dx 
dB2 



dy 



dx 
dBi 



dy 

A2 + ^B2 



dx dy dx dy 

Thus ousting the value of Cj and Dj and using the above equations we can conclude. 



□ 



Next we study the possible normal forms of groups as in the conclusion of Theorem 11.161 

Remark 6.2 (groups leaving invariant a linear system of closed forms). Let G < Diff(C^,0) 
be a subgroup of formal diffeomorphisms of two variables, that preserves the coordinate axes 
{x = 0) and {y = 0). Suppose that we have 



g*{Cjj) = QjCoi + hjCj2-, yg G G. 



(5) 



where aj,bj S C* and ujj is a closed formal meromorphic one- form. A diffeomorphism g & G 
writes g{x,y) = {xu,yv) where u,v G O2 We have the following possibilities for uji,(2}2 in 
suitable formal coordinates: 

(1) (simple poles case) If both forms have simple poles along the coordinate axes we 
can write ui = + and t2;2 = "2^ + /52y • From equation ([5]) we get 

dx ^ dy du dv , , ^dx , ^ , n \ dy 

ai h pi h ai h pi — = g [LOj) = (aioi -|- 6102) h (aiPi + O1P2) — 

X y u V X y 
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In matrix form we have: 

ai /3i 

Comparing the poles we obtain: 
ai bi 

Thus g{x,y) = {xuo,yvo) with no and vq constant. In this case the group G is hnear. 
(2) (Pure polar case) Assume now that (jjj has poles of order higher than one and no 
residues. We can write wi = d{ ^Jyrn. ) and 0)2 = d{^^). Given now a diffeomorphism 
g{x,y) = (xu,yv) in G from equation ([5]) we have: 



dx 

X 




ai 


/3i" 




' du' 

u 




ai 


bi' 










dx 

X 


dy 

y 


+ 






















dy 

y 


02 






dv 
- V - 




_a2 


h 




02 







Id and 



du 
u 

dv 



d{ ) = aid{ ) + bid{ ) and d{ ) = a2d{ ) + b2d{ ] 

rji-nymyny-m x"'y"^ xPyi xPyiuPyi x"?/"^ xPyi 

Thus 

1 fli , ^1 , , , 1 02 , ^2 

H — : + ^1 and „ „ „ „ = _ + 



rj-nymy^riym xPy*? xPy'^vPu'^ x"'y"^ xPy'> 
now 

= ai + feix-Py'"-^ + A^ix^y™ and ^ = 02 + 62xP-"y^-'" + k2xPy'i 

thus 

(02 + b2xP-''y'i-"' + A;2X V) ^ , (ai + bix'^-Py"'-i + hx'^y"^) o 

— and u — 



(ai + bix'^-Py'^-1 + A;ix"y"^)D (02 + b2xP-"-yi-"' + k2xPyi)D 

where D = qn — pm, therefore we have: 

, / (a2 + b2xP-''y'}-"' + k2xPyip (ai + ftix""?'?/'""'? + A;ix"y'") d \ 
y '(ai + 6ix"-Py™-9 + A;ix"y™)* ' ' {a2 + b2xP-'^y<i-'^ + k2xPyi)^ j 
Other mixed cases are studied in the same way. 

The following example contradicts Corollary 4.2 in [2]. 

Example 6.3. An example of a tangent to the identity group G < Diffid(C^, 0), which is 
solvable but not metabelian is G =< {h{x), d(x) + b{x)y); h G H >, where H < DiffH(C, 0) 
is any metabelian tangent to the identity subgroup, d(x) E C[[x]] has order greater than 2 
and b{x) € C[[x]] is a unit, 6(0) = 1. 

7. NiLPOTENT GROUPS AND SUBALGEBRAS OF VECTOR FIELDS 

We study nilpotent subgroups of Diffi(i(C", 0), i.e., nilpotent groups of maps tangent to 
the identity. For n = 1 it is known that the concepts of solvable and metabelian group 
are equivalent. Nevertheless, this is not true for dimension n > 2: take G < Diff(C^,0) as 
(induced by) the nilpotent linear group of upper triangular matrices. This group has length 
2. In general, it is known that for a linear solvable group G < GL(n,C), the solvable length 
is bounded by the Newman function p{n), where p{n) < 2n, in particular, p(2) = 4 and 
p(3) = 5 [15]. In this section we prove Theorem 11.12^ i.e., that every nilpotent subalgebra I 
of i'(C",0) has length at most n. 

Note that X(C"', 0)'^Kn is a vector space of dimension n over Kn, where Kn is the fraction 
field of On- Denote by TZ the center of [ and by {Xi, . . . , Xk} a basis of 7^ (81 Kn- 



22 M. MARTELO AND B. SCARDUA 

Lemma 7.1. Let ( a nilpotent subalgebra of XlC^, 0) with dimension m over K^- Then there 
is an ordered basis {Xi, . . . , X^} for I over in the following sense Z G I: 



(1) 



0, if 1 = 1,..., k, 

r<l 

VjXj, if I = k + 1, . . . ,m. 



I 

(2) If 2 = Y UjXj € [ then Xj{ur) = with (j = 1, . . . , r) and {r = 1, . . . ,1). 

k . 

Proof. As I a nilpotent subalgebra we have that A; > 1. Take »S = KnXj) fl [, we 

have that TZ d S and <S is an abelian subalgebra of [. Now for all Z G [, we have 

[Z,hwjXj] = E[Z,w,X,] = ZiZiwj)X, - w,[Z,X,]) = i:Z{w,)Xj, i[Z,Xj] = 0, 
j=l j=l j=l j=l 

k 

because Xj e TZ, j = 1, . . . ,k) then [Z, ^ wjXj] G <S, thus <S is an ideal of I. Therefore 

1/5 is a nilpotent Lie algebra, thus TZi the center of Ii = l/S is not trivial, i.e., there are 
Xk+i, ■ ■ ■ , Xp^ G [ \ 5 such that X^+i, • • • , Xp-^ G TZi are the generators the basis of TZi (8) Kn- 
Clearly {Xi, . . . ,Xp^} are linearly independent in [(8)i^„. Now as Xi G T^i {I = k + 1, . . . ,pi), 

k k k k 

we have Yl fi,j^j = [Z,Xi + ^1,3^3] = + E '^i,3^3\ = i^^^i] + E ^{'^^i,j)^3' 

j=i j=i j=i j=i 

k k 

then [Z, Xi] = Y ifl j ~ ^{'^l = E j'^j' {I = k + 1, . . . ,pi). On the other hand, if 

3=1 ' ' 3=1 

pi m 

Z = Y '^j'^j + E ^i^i ^ ^ foi" yj ^ ' completing the basis, we have Xj{ur) = for 
i=i j=pi 

j = 1, . . . ,k and r = 1, . . . ,m, because Xj £ TZ, j = I, . . . , k. Now for / = k+1, . . . ,pi,we have 

E Vi^s^s = [Y UsXs,Xi] = -Y Xl{Us)^s+ Y {Us[Xs,Xi]-Xi{Us)Xs) = -Y ^liUs)Xs + 
s=l s=l s=l s=k+l s=l 

I k I k I I 

Y UsiYfrjXj)- Y ^l{Us)Xs=Yi.{ E Usfsj)- Xi{uj))Xj- Y Xi{Us)Xs,theTL 
s=k+l j=l s=k+l j=l s=k+l s=k+l 

k I I 

E (( E '^sfs,j) — '^liy'-j) ~ vi^s)'^j ~ Y '^l{us)'^s = 0) and as the Xj are linearly inde- 

j=l s=k+l ' s=k+l 

pendent, we have Xi{ur) = for r = A; + 1, . . . ,pi and I = 1, . . . ,pi, (note that Xi{ur) for 

r = l,...,k can be nonzero ). If pi = m we have nothing more to proof, in the other 
pi ^ 

case take «Si = K^Xj) n h we have that TZi C Si and <Si is an abelian subalgebra of 

3=1 

li and analogously <Si is an ideal of li. Therefore li/»Si is a nilpotent Lie algebra, thus TZ2 
the center of [2 = h/Si is not trivial, i.e., there are Xp-^^i, . . . , Xp^ G Ii \ 5i such that 

Xp^^i, . . . , Xp2 G 7^2 are the generators the basis of 7^.2 (8) Kn. Clearly {Xi, . . . , Xp^} are 

= Pi 
Linearly Independent in [ (8> Kn, as Xi G TZi {I = pi + 1, . . . ,P2), we have Y flj^j — 

i=i 

Pi k p\ Pi pi 

E 9l,j-{^3 + E hl,rXr) = Y 91,3X3 = l^^^l + E WljXj] = [Z,Xi] + [Z, Y WljXj], 
j=k+l r=l j=k+l j=l j=l 
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Pi 

then ^i] = Yli "^i j'^j-' = Pi + 1) • • • )P2)- Similarly we get the second item, repeating this 
process a finite number of times {m < n) the lemma is proved. 

n 

As consequence this lemma we have: 

Proof of Theorem \l.l^ It is enough to prove that given a nilpotent subalgebra [ of X(C"', 0) 
the C has length /([) at most n. If the dimension of TZ^ Kn is n, then for al\ Z i, Z = 

n n n n 

J2 UjXj and = [Z,Xk\ = [Y. UjXj,Xk] = Y^[ujXj,Xk] = Y^{uj[Xj,Xk] - Xk{uj)Xj) = 
j=i j=i j=i j=i 

n 

— Xk{uj)Xj, then Xk{uj) = for {j,k = 1, . . . , n). thus Uj are constants and therefore [ 

is an abelian Lie algebra. Now if the dimension of TZ ^ Kn is m, where m is the dimension 
of [ (8) Kn we have nothing to proof. Finally if the dimension of 7^ (8> Kn is A; < m by the 

m m mm 

Lemma [7.11 we have for Zi,Z2 € [, [Zi,Z2] = [Y '^j'^j^ Yl '^r-Xr] = Y Yli'^j'^j^^rXr] = 

j=l r=l j=l r=l 

m m m—l 

Y Y i^j'^ji''^r)Xr — VrXr{Uj)Xj + Uj.Vr-[Xj,Xr]) = Yl '^j'^ji becaUSe Xj{Uni) = (j = 

j=lr=l j=l 

l-l m-1 

1, . . . , m) and [Z, Xi] = Y '^j'^j- Thus all € I"*^ is the form Z = Y '^j'^j- Now if Z\^Z2 G 

m—\ m—l m—lm—1 m—l m—l 

we have [^1,^2] = [ Y ^jXj, Y ^rXr] = Y Y [ujXj,VrXr] = Y Y {UjXj{Vr)Xr - 

j=l r=l j=l r=l j=l r=l 
m-2 

VrXr{uj)Xj + Uj.Vr.[Xj, Xr]) = Y '^j'^j^ Lemma l7.ll Then all Z G l"^ is the form 

m— 2 

Z = Y ''^j'^j- Repeating this process at most m — 2 times we can conclude. □ 

Remark 7.2. In [13] a detailed study of the length for solvable subgroups of Diff(C",0) is 
found. The authors correct a statement from [2] and prove the following more general result: 
Let G < Diff(C",0) be a solvable group. Then the soluble length of G is at most 2n — 1 + p{n) 
where /> : N ^ N is the Newman function. 



Part II - Groups with dicritical maps 

8. DiCRITIC GROUPS WITH ABELIAN COMMUTATORS 

Unlike the one-dimensional case two commuting tangent to the identity diffeomorphisms 
may have different orders of tangency to the identity: take / = exp(X) and g = exp(y), 
where the vector fields X and Y are given as in (1) above. This is the main reason why we 
do not have an equivalence between the concepts of metabelian, quasi-abelian and solvable 
groups in dimension n > 2. From now on we shall take a closer look at this issue. Firstly, 
in this section, we investigate the characterization of quasi-abelian groups. For this we shall 
refer to the following concepts, which are two main notions in this paper. 

Now we pave the way to Theorem 11.181 For the first part we shall need some lemmas 
below. 

Lemma 8.1. Let X = f{z)R and Y = g{z)R, where R is the radial vector field and f and 
g are homogeneous polynomials of degree k e s respectively. Then [X, Y] = if and only if 
k = s. 
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Proof. Trivial, because [^,1"] = {k — s)f{z)g{z)R. □ 

Lemma 8.2. Let X G ^^+1(^^,0) a dicritic vector field. For any vector field Y with order 
greater than 2, such that [X,Y] = 0, we have that Y is a dicritic vector field with order k + 1. 

Proof. Suppose that Y has order r > 2, thus: 
Now, the term of lower order of [X, Y] is: 

As [X,Y] = 0, we have that (r - l)f.qi^^ = {Vf.Qr)zj, onde Qr = iqi^\ . . . , qi"'^ ) . Thus 

(r — l)f.qi^^Zj = (r — l)f.qr^zi and as qi^^ 7^ 0, we have qP^ = ^^-Zj = g.zj, for j = 1, . . . , n. 

So the 1-Jet of Y is g'^, therefore Y is dicritic vector field and by the previous lemma Y 
have order k + 1. □ 

Lemma 8.3. Let X,Y €z Xk{C^,0), k > 2. Suppose that X is regular dicritic and Y is 
dicritic. If [X, Y] = 0, then there is c € C \ {0} such that Y = c.X . 



Proof. Since X and Y are dicritic, then 



.(1) , ^ ^ . , r» ^ ^ 



Y = giz)R+iq]!l, + ---)— + ... + iql!'_l, + ---) — 
We have [fR, gR] = 0, by Lemma [HH Since [X , Y] = 0, then the 2k + 2-jet to Lie bracket is 

Now note that 
Then we have 

(fc + l)(/.4+2 - 9-Pi+2) = ZiiVf.Qk+2 - ^9-Pk+2) 

for z € {1, ... , n}, thus 

/•gfc+2 - 9-Pk+2 ^ f-Qk+2 - 9-Pk+2 

Zig Zjg 

or equivalently, f.{zj^q^j^f^ - Zi^q^^f^) = g.{zj^p^^°^2 ~ ^ioPk+l)- hypothesis / and 

^joPk+2 ~ ^ioPk+2 coprime, then f \ g. As / and g has the same degree g = c.f were 
c G C*. Thus the 2k + 2- jet of Lie bracket is: 

i£l2 - cp^U)^^ + • • • + (4:^2 - cp^i)^] = 
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Using the same argument of the previous lemma we have 

so, ~ '^P^k+2 ~ ^' ™ consequence q^i^^2 ~ ^Pk+2 ~ ^' ^'-'^ all j = 1, . . . , n, or 

{qk+2 - ^Pk+2)Q^^ + • • • + - ^^^.+2)^ - R 

but this latter does not occur, because by the Lemma [8TT] we have ''"'"^^^ '"^^ has degree /c, 

and this is impossible because g^^g — "^^^1+2 degree k + 2. Then, we have q]^1') = cp^k^2^ 
Vj G {l,...,n}. 

Finally suppose that Qk+j = cP^+j for j = 1, . . . , i, the (2/c + i + l)-jet of Lie bracket is 



laRr.w A + ... + >) Ai_rfi?„(i) A + ... + >) Ai-0 

m,Pk+^+lQ^^+ +Pk+i+lQj U^,qk+i+lQ^^+ +Qk+^+lQJ-^ 

by the supposed the following sum is symmetric 



2^ \Pk+j Q^^ + + Pk+J Q^^ ' 1k+i+2-J Q^^ + + 1k+i+2-J Q^^ \ - U 

i=2 

Then similarly to the case A: + 2 we have that Q^+j+i = cPk+j+i therefore Y = cX □ 

Remark 8.4. We cannot exclude the regularity condition in the previous lemma, since the 
two vector fields of item 2.{d) in Example 12.31 are dicritic and commute, but they are not 
regular dicritic and are not C-linearly dependent. 

The following proposition is found in [2]. 

Proposition 8.5 ([2] Proposition 4.2). Let f G Diffr+i(C", 0) and g G Diffs+i(C", 0). Sup- 
pose that f is dicritic and commutes with g. Then r = s and G is also dicritic. 

We state now the main tool in the proof of Theorem II. 181 

Proposition 8.6. Let G < Diffi(j(C"', 0) be a subgroup of diffeomorphisms tangent to the 
identity and f G Diffid(C",0) a regular dicritic dijjeomorphism. Lf f commutes with G then 
G < {exp{tX) I t G C), where f = exp(X). In particular, G is abelian. 

Proof. Let ^ G G be a diffeomorphism, from Proposition 18. 5| ^ is a dicritic diffeomorphism 
of same order than /, we say k + 1. From the exponential bijection there is Y such that 
exp(y) = g. Then 

y = 5(.)i? + (gS2 + ---)^ + --- + (^ff2 + ---)^ 

and thus Y is dicritic. Since / commutes with g it commutes with g{z) = exp(y)(z) and 
from Lemma 12.1^ / commutes with exp{tY)(z) for all t G C. Similarly, for each t we have 
that exp(ty)(2:) commutes with exp(sX)(2:) and thus [X, y] = 0. From Lemma [831 there is 
r G C such that Y = rX. Consequently g{z) = exp(rX)(z) and therefore G < (exp(tX) | t G 
C). □ 

The above proposition motivates the following: 

Definition 8.7 (Unimodular diffeomorphism). A formal diffeomorphism tangent to the iden- 
tity / G Diff (C", 0) is unimodularii its centralizer in Diffi^ is C = {/M, t G C}, i.e., generated 
by/. 
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Proposition 18.61 then says that a regular dicritic formal diffeomorphism is unimodular. 

Proof of Theorem \1.18[ Let G < Diff(C"',0) be a subgroup containing a regular dicritic dif- 
feomorphism / = exp(X) G G. First, suppose that G is quasi-abelian. From Proposition 18.61 
we have Gh < {exp{tX) \ t G C). Let g & G, as f & Gh then [f,g] £ Gu- Thus there is 
tg G C* such that [f,g] = exjp{tgX), then go f o g^^ o /^^ = exp(tgX) so that 

g o exp(X) o g^^ = exp{tgX) o exp(X) = exp{{tj^ + l)X) 

= exjp{cgX) 

from the same argument used in the proof of Lemma [2. 11 we have Vs G C, ^ oexp(sX) o^^^ = 
exp(sc^X). Therefore g*X = CgX, \/g G G. Conversely, suppose that X is projective 
invariant with respect to the group G. Therefore, for each g G G there exists Cg such that 
g*X = CgX. We claim that G Gm, Cg = 1. In fact, if f{z) = z + f{z)z + ••• then 

exp{cgX){z) = z + Cgf{z)z H . Thus if g G Gh, g o f{z) = z + f{z)z + gk+i{z) H 

and exp(cgX)(z) o g[z) = z + Cg.f{z)z + gk+iiz) + • • • , then Cg = 1. Consequently G Gh, 
g*X = X, i.e., Gjd commutes with /. From Proposition 18.61 Gh is abelian, i.e., G is 
quasi-abelian. □ 



In the same way as Theorem II . 1 8 1 we have: 

Proof of Proposition [7. 2(A It is immediate to verify that (1) (2). Let us now prove (2) =^ 
(1). Since DG < G, for all ^ G G we have that g = Dg~^{0) og ^ Gu. From (2) we have that 
G commutes with / then Dg^^{0) o g = exp(cpX), therefore G = Dg{0) o exp(c^X), G G. 
Now let g,h € G he diffeomorphisms, as DG < G and from (2), we have that: 

g o h = Dg{0) o exp(cgX) o Dh{0) o exp(c^X) = ho g 

Therefore G is abelian. □ 

9. Metabelian groups with dicritic elements 

Now we shall study metabelian subgroups of Diff(C",0) and prove Theorem ll.21[ We 
strongly rely on the preceding argumentation. The main step is: 

Proposition 9.1. Let G < Diff(C" , 0) be a subgroup with DG abelian, and f = exp(X) G G 
a regular dicritic diffeomorphism. Then X is projectively invariant by G if, and only if, f 
commutes with [G, G] . 

Proof. Since DG is abelian the subgroup of commutators of G is tangent to the identity 
i,e., [G,G] < Gid- If / commutes with [G, G], from Proposition 18.61 we have that [G,G] < 
(exp(tX) /t G C) and from the proof of Theorem 1 1.181 we know that X is projectively invariant 
by G. Assume now that the vector field X is projectively invariant by G. Once again, since 
[G, G] < Gid we know that if 5 G [G, G] then cs = 1. Thus V5 G [G, G], S*X = X, therefore 
/ = exp(X) commutes with [G, G]. □ 

Proof of Theorem \1.21\ Notice that if G is quasi-abelian and DG is abelian then G is metabelian. 
Therefore, Theorem 11.211 follows from Propositions 18.6 1 and 19. ll □ 



Next we prove the announced partial converse of (2) in Theorem ll.21[ 

Proof of Proposition \1.2^ By hypothesis [G, G] is an abelian subgroup of diffeomorphisms 
tangent to the identity and we have that 

[/, h]{z) = z + X{X'' - l)f{z)z + A(A^+i - l)Pk+2{z) + • • • 
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thus [f,h] = exp{X), where 

X = XiX'^ - l)f{z)R + (A(A'=+i - irf]^ + • • • )^ + • • • + (^(^'^' - ^)ptl2 + • • • )^ 

since / is regular dicritic and \^ ^ \, A^+^ ^ 1, the above expression imphes that [/, h] is 
regular dicritic. According to Proposition 19.11 there is a projectively invariant formal vector 
field X = exp([/,/i]). □ 

Now we give an application of our results: 

Corollary 9.2. Let G = {f,h) < Diff(C",0), where f is regular dicritic and h(z) = Xz, 
X^ 7^ 1, A'^^^ 7^ 1. The group G is metabelian if and only if [f/n^] and [f^,h] commute with 

Proof Let us first introduce some notation. Given two elements ip,i/j ^ Diff(C^,) we shall 
write 1^*11} := If o i/j o 

If G < Diff(C^,0) is metabelian, it is immediately seen that [f,h?] and commute 
with [/, h]. We prove the converse, in fact we have that [/, h] is regular dicritic as noted above. 
Now, as [/, h?], [/^, h] commutes with [/, h], we have [/^, h] = exp(cX) and [/, /i^] = exp(rX), 
since r [/, h] o [/, h] = [p, h] and [/, h] o h*[f, h] = [/, h^] then 

exp(cX) = [f\ h] = f*[f, h] o [/, h] = f* exp(l) o exp(l) 

consequently, /* exp(X) = exp(cX) o exp(— X) = exp(cX). Using the same argument in the 
proof of Lemma l2. 11 f*X = cX. Similarly h*X = rX. Thus by Theorem 11.211 the group G 
is metabelian. □ 

10. Solvable groups with some dicritic element 
The next three lemmas will be used in the proof of Theorem 11.231 
Lemma 10.1. Let f € Diffr(C",0) and g € Diffs(C",0) be formal diffeomorphisms. Then 

f{g{z)) - g{f{z)) = Dfr+iiz)gs+i{z) - Dg,+iU+i{z) + 0{\zY+'+^) 
so [f,g] = Id or [f,g] G Diffp(C",0) with p>r + s. 

Proof Let f{z) = z + 'j: fk+i{z) + 0{\z\''+'+^) a.nd g{z) = z+Z 9j+i{z) + 0{\z\^+'+^) then: 

k=r j=s 
r+s 



f{g{z)) =z + Y, + 0{\zr'^') + 



J=S 

+ E fk+iiz + 9j+i{z) + o([zr+^+2)) + o(izr+^+2) 

k=r j=s 
r+s r+s 

z + ^g,+i{z) + 5](A+i(z) + Z)A+i5s+i(^) + 0{\z\'+'^')) 

j=s k=r 

+o(izr+^+2) 

r+s r+s 

z + Y,9j+i{z) + E + Dfr+i{z)gs+i{z) + 0(|zr+^+2) 

j=s k=r 



Similarly we have: 
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g{fiz)) = z + E fk+i{z) + E9j+i{z) + Dgs+i{z)fr+i{z) + 0(|zr+^+2) 

k=r j=s 

subtracting these two equalities we get the lemma. □ 

Lemma 10.2. Let f € Difff.(C"', 0) and g € Diffs(C",0) be dicritic diffeomorphisms with 
r ^ s, given by 

f{z) =z + f{z)z + ■■■ g{z) =z + g{z)z + ■■■ 

then [f,g\ G Diffs+r(C", 0) is dicritic and given by 

[lg](z) = z + {r-s)g{z)f{z)z + --- 
Proof. From Lemma llO. II the term of smaller order of [f,g] is 

^ f 

Dfr+i{z)gs+i{z) - Dgs+ifr+i{z) = {f {z)I + {zi — ))gs+i{z) - Dgs+if{z)z 

= {f{z)I + {z,^))gs+i{z) -{s + l)f{z)gs+i 

= {-sf{z)I+{z,^))g,+,{z) 
dzj 

= {-sf{z)I+{z.,^))g{z)z 

OZj 

Then the i-th component of this is 

-sf{z)g{z)zi + g{z)ziVf{z)z = -sf{z)g{z)zi + rf{z)g{z)zi 

thus 

Dfr+i{z)gs+i{z) - Dgs+ifr+i{z) = (r - s)f{z)g{z)z 
therefore [f,g\ G Diffs_|_^_|_i(C", 0) and this is dicritic, given by 

h{z) = z+{r - s)g{z)f{z)z H 

□ 

Lemma 10.3. If a subgroup G < Diff(C",0) contains two elements tangent to the identity 
with different orders then G is not a solvable group. 

Proof. Assume that there are /i,/2 G G dicritic diffeomorphisms of different orders, we say 
Pi + 1 and P2 + 1 respectively then by above lemma /a = [/i,/2] is dicritic of order p^ = 
Pi + P2 + 1 > ^2 + 1 5 similarly, we have that f^ = [/s , /2] is dicritic of order Pi = P3 + P2 > Ps 
and recurrently /„ = [fn-i, fn-2] is dicritic of order p„ = Pn-i + Pn-2 > Pn-ii thus there is 
no n G N such that G^"-* = {Id} and this contradicts the fact G is solvable. □ 

Proof of Theorem \1.23[ Let G < Diff(C",0) be a subgroup of diffeomorphisms tangent to 
the identity containing a dicritic diffeomorphism / with order of tangency k. It is immediate 
to verify that (1) (2). Let us now prove (2) (3). Suppose that f{z) = z + f{z)z + • • • . 
Suppose by contradiction that there is /^^^ G G with order of tangency pi > k then obtain 

P'> = [F\f] = z + fl^ + ---. 

We affirm that fj^J 7^ and thus /*-^-' has order of tangent k2 = k + ki > ki + 1. In fact, 

as the j-th coordinate of fj^J, is {ki — l)f.q^^^ — {V f-Qki)zj, where /^^^ = z + Qk^ + • • • and 

Qfci = (O'ii^ • • • > Q'ii^); ( in consequence k2 = k + ki), now if ff^ = 0, then {ki - l)f.qk^ = 
C^f-Qki)zj, for j = 1, . . . ,n. So following the same argument of Lemma 18.21 we have that 
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Qki = (g-Zi, • • • , g-Zn), with g homogeneous pohnomial of degree p, thus Qk^ has degree k + 1, 
but this is impossible. Repeating this process we can define: 

Analogously /^"'•* ^ and thus /*^"'' we has order of tang ency kn — k-\- kn—i 
thus there is no n G N, such that = {Id}, what contradicts the fact that G is nilpotent. 

Therefore, we have G < Difffc+i(C", 0). 

Now we prove (3) (1). From Lemma 110.11 we have that for h,g G G, [h,g] = {Id} or 
[h, g] G Diff^(C", 0), £ > 2A; + 1 thus [h, g] = {Id} and therefore G is abehan. □ 
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